The formation of electron pairs is a prerequisite of superconductivity. The fermionic nature of electrons yields four classes of superconducting correlations with definite symmetry in spin, space and time. Here, we suggest double quantum dots coupled to conventional s-wave superconductors in the presence of inhomogeneous magnetic fields as a model system exhibiting unconventional pairing. Due to their small number of degrees of freedom, tunable by gate voltages, quantum-dot systems are ideal to gain fundamental insight in unconventional pairing. We propose two detection schemes for unconventional superconductivity, based on either Josephson or Andreev spectroscopy.
Introduction.-Conventional superconductivity is well understood in terms of Bardeen-Cooper-Schrieffer (BCS) theory by the formation of spin-singlet Cooper pairs of electrons [1] . In certain unconventional superconductors, spin-triplet pairs are involved [2] . A further generalization is the notion of pairing of electrons at different times. There are four different classes of superconducting correlations with definite symmetries in spin, space (momentum), and time (frequency) under exchange of two electrons forming a Cooper pair. Even-frequency spin-singlet (odd in spin) Cooper pairs appear in conventional s-wave but also in high-T c d−wave [3] superconductors (even in space) while p-and f -wave pairing (odd in space) supports even-frequency spin triplets (even in spin). There is experimental evidence for triplet p-wave pairing (similar to superfluid 3 He [4] ) in Sr 2 RuO 4 [2] . Recent proposals to induce triplet correlations in nanowires with strong spin-orbit interaction in proximity to s-wave superconductors were motivated by the prospect of creating Majorana fermions at the ends of the wire [5, 6] . By a similar mechanism, Majorana fermions can also be generated in double quantum dots [7, 8] . The idea of odd-frequency pairing has first been brought up by Berezinskii [9] as a possible explanation of superfluid 3 He but has experienced a revival in the context of superconductor-ferromagnet heterostructures [10] .
For noncollinear magnetizations, e.g., due to domain walls [11] [12] [13] [14] [15] [16] [17] , spin-active interfaces [18, 19] , multiple noncollinear magnetized ferromagnetic layers [17, 20, 21] , helical magnets [22] [23] [24] , or spin-orbit coupling [25] , odd-frequency correlations with finite spin polarization can penetrate deeply into ferromagnets, as confirmed in several experiments [26] [27] [28] [29] [30] [31] [32] .
Odd-frequency triplet pairing also appears in diffusive normal metals contacted by an even-frequency triplet superconductor [33] .
Finally, odd-frequency singlet superconductivity has only been theoretically predicted [34] without experimental confirmation so far.
FIG. 1. (Color online) (a)
A double quantum dot in an inhomogeneous magnetic field and tunnel coupled to a superconducting lead yields unconventional pair amplitudes. They can be probed via (b) the DC Josephson current through two coupled double quantum dots and (c) the Andreev current from the superconductor into two normal leads. Dashed arrows denote tunnel couplings.
Quantum dots coupled to conventional superconductors show an interesting interplay of proximity effect and Coulomb interaction [35, 36] . They have also been suggested as a tool to detect unconventional pairing [37] . In this Letter, we propose double quantum dots as an ideal system to generate all four types of superconducting correlations in a single device and to control them via gate and bias voltages and inhomogeneous magnetic fields. This is a substantial advance over proposals which are specific to one type of correlations only, in which tuning is limited, or which describe equilibrium scenarios only.
Model.-We consider a DQD tunnel-coupled to a grounded BCS superconductor as indicated in Fig. 1(a) . † L↑ + H.c.), which becomes exact in the limit of an infinite superconducting gap [38] [39] [40] [41] [42] [43] . The strength of the local proximity effect is governed by the tunnel-coupling strength Γ Si = 2π|t i | 2 ρ where t i and ρ are the spin-independent tunnel amplitudes and density of states at the Fermi energy. The strength of the nonlocal proximity effect Γ S may reach up to √ Γ SL Γ SR if both quantum dots are tunnel coupled to the same states in the superconducting leads, but is reduced otherwise. A tunnel coupling between the dots is modeled by H tun = t σ (c † Lσ c Rσ + H.c.). To address the situation U i U , it is sufficient to account for double occupancy of an individual dot only in virtual states.
Pair amplitude and order parameter.-To quantify the strength of both conventional and unconventional superconducting correlations in the DQD with definite symmetry in spin, space and time, respectively, we form linear combinations of the pair amplitudes
where T is the time-ordering operator. Non-local singlet correlations are characterized by
The upper (lower) sign corresponds to even-(odd-)frequency pairing. The prefactors are consistent with the definitions
L↓ |0 for the singlet and triplet states, where |0 denotes an empty DQD. The latter can be transformed into a cartesian vector via |T x = ((|T
To define order parameters, we characterize the pair-amplitude functions by single numbers. We use ∆ e = F e (0) for even-frequency and ∆ o = (dF o (t)/dt)| t=0 for odd-frequency pairing [44] . They form complex-valued scalars ∆ B L , i.e., only one of the triplet states can participate in superconducting correlations. The most interesting effects, however, appear for noncollinear magnetism, similar to SFS heterostructures [10] .
Even-frequency pairing.-In the following, we restrict ourselves to the case |B L | = |B R |, for which the average magnetic field B = (B L +B R )/2 and the difference ∆B = B L − B R are perpendicular to each other, i.e. the unit vectors along B, ∆B, and B × ∆B form an orthogonal coordinate system. The presence of a superconducting lead couples |0 to |S , i.e., S|H DQD |0 = −Γ S / √ 2 generates a finite even-singlet order parameter ∆ S e . In combination with T ∆B |H DQD |S = −∆B/2, this leads to a finite even-triplet order parameter ∆ T ∆B e along the ∆B-direction. Furthermore, T B×∆B |H DQD |T ∆B = −iB yields a finite ∆ T B×∆B e , while ∆ T B e = 0 (for ∆B ⊥ B). A qualitative understanding of how the even-frequency order parameters depend on gate voltage (via the detuning δ = L + R + U between empty and doubly occupied DQD) and magnetic field (in particular the angle α = 2 arctan(∆B/2B) enclosed by B L and B R ) can be obtained by ignoring all states with single occupation and mapping the resulting system onto an effective two-state model. For this, we distinguish various limits.
(i) For ∆B Γ S , we first diagonalize the Hamiltonian in the singlet-triplet subspace, and couple, then, the state with the lowest energy δ − B where B = B 2 + ∆B 2 /4 to the empty state. The resulting ground state yields a resonant behavior of the order parameters
as function of detuning δ with resonance position B and width Γ S sin(α/2).
(ii) In the limit Γ S , B ∆B, we take the lowest-energy eigenstates of the empty-singlet subspace and the triplet subspace, respectively. The inhomogeneity ∆B then couples these states, which yields
where we defined 2 A = 2Γ 2 S + δ 2 . The resonance for the singlet order parameter is at δ = 0 with width √ 2Γ S . The extra factor that the triplet order parameters acquire, see Eq. (3b), displays a resonance at δ =
2 ) with a width that scales with ∆B. (iii) For Γ S ∆B B there is no effective two-state model since the triplet states are too close in energy to justify a truncation to the lowest-energy state only. An exception is the special point B = 0 (antiparallel magnetic fields), for which the triplet states perpendicular to ∆B decouple from the rest of the Hamiltonian. In that case, |∆ S e | is given by Eq. (3a), and ∆
Odd-frequency pairing.-The odd-frequency order parameters can be expressed in terms of even-frequency counterparts accompanied by local and non-local expectation values of charge and spin on the DQD. We define
The detuning of the two dot levels is ∆ε = ε L − ε R . We obtain the general relations
(5b)
They demonstrate the rich diversity of possible routes towards odd-frequency correlations in quantum-dot systems that may be absent in other systems. Odd-triplet correlations coexist with even-singlet correlations in the presence of a magnetic field B and with even-triplet correlations for either finite level detuning ∆ε or finite inhomogeneity ∆B. Furthermore, odd-triplet correlations are induced by a finite spin polarization on the DQD due to Zeeman splitting, FM contacts or spin orbit coupling. The odd-triplet state is unitary [45] when induced by finite spin polarization, but is, in general, non-unitary in the other cases. Odd-singlet correlations coexist with even-singlet correlations for finite ∆ε and with eventriplet correlations for finite B. In addition, odd-singlet correlations may exist as a consequence of a finite local or non-local charge asymmetry. Transport signatures.-In the following we propose two schemes to identify superconducting triplet correlations in a transport measurement [46] . The first setup consists of two DQDs a = A, B, see Fig. 1(b) , each coupled to a superconductor with phase φ a . To define the simplest possible model, we assume identical copies of H DQD,a except for different phases φ a that need to be included in the tunnel coupling to the superconductors [47] . Furthermore, we set H tun = 0 within each DQD, and assume identical interdot Coulomb-interaction strengths U between any pair of quantum dots. The two DQDs are connected to each other by tunnel couplings H coupl = iσ t σ c † iσ,A c iσ,B + H.c. We consider the regime Γ Si,a t σ , in which intra-DQD correlations dominate over inter-DQD correlations. However, we emphasize that all our conclusions stay valid for arbitrary values of inter-and intra-DQD couplings.
The zero-temperature Josephson current J = (2e/ )dE 0 /dφ between the two superconductors is given by the derivative of the ground-state energy E 0 with respect to the phase difference φ = φ A − φ B . We first consider the case of spin-insensitive tunneling, t ↑ = t ↓ . As shown in Fig. 2(a) , the Josephson current is suppressed for α = 0 (homogeneous magnetic field), increases with α, reaches a maximum at some angle 0 < α max < π, and then decreases up to the local minimum at α = π (antiparallel magnetic fields). This behavior cannot be explained with superconducting singlet correlations alone. Indeed, the notion that singlet pairs are energetically suppressed in a homogeneous magnetic field and that this suppression weakens with increasing α may be compatible with the increase of J for α < α max . The very existence of a maximum at an angle 0 < α max < π describing a noncollinear magnetic field, however, is a clear signature of the presence of superconducting (even-and/or odd-) triplet correlations. The existence of triplet correlations is even more evident for fully spin-selective tunnel barriers, see Fig. 2(b) , where we chose t ↓ = 0 (for spin quantization axis along B). Since only spin-↑ electrons can be transferred between the DQDs, any finite Josephson current must be due to transfer of triplet pairs.
The second proposal relies on measuring the Andreev current between normal and superconducting leads in a setup shown in Fig. 1(c) 
where ρ is the density of states in the normal leads at the Fermi energy) in the wide-band limit by making use of a real-time diagrammatic approach for quantum-dot systems that involve superconducting leads [47, 50] . In the following, we consider the symmetric case, Γ L = Γ R ≡ Γ N and L = R .
In Fig. 3(a) , we show the differential conductance dI/dV as a function of gate and bias voltage, δ and µ N , for α = π/2. Resonances as a function of µ N appear at the Andreev addition energies ±(E even −E odd ), shown as dashed lines, where E even/odd are eigenvalues of H DQD in the subspaces with an even/odd number of electrons in the DQD, respectively. The suppressed conductance for small µ N is due to Coulomb blockade. For large detunings |δ|, the Andreev current decreases due to a suppression of the superconducting order parameters. Similar as for the Josephson current discussed above, the presence of superconducting triplet correlations can be identified in the Andreev current by analyzing its dependence on the noncollinearity α of the magnetic field, see Fig. 3(b) . We find that transport is suppressed for α = 0, first increases but then decreases as a function of α, and is suppressed again for α = π. The very fact that Andreev transport becomes maximal for noncollinear magnetic fields proves the presence of triplet correlations. We have verified that this behavior survives for asymmetric tunnel couplings Γ L = Γ R and other choices of parameters [51] .
Conclusions.-We demonstrate that unconventional superconducting correlations generically occur in DQDs coupled to a conventional superconductor and subject to an inhomogeneous magnetic field. To quantify them, we define order parameters for even-/odd-frequency singlet/triplet correlations and discuss under which conditions they occur. Their dependence on gate and bias voltage as well as noncollinearity of the magnetic field can be probed both in Josephson and in Andreev transport spec- troscopy. We propose two measurement schemes to identify superconducting triplet correlations. The distinctive feature of the proposed devices is that they simultaneously accommodate all possible types of pairing, which can be controlled via applied voltages and fields.
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The results presented in the main text and the conclusions drawn are not limited to specific choices of system parameters but rather generic. To prove this, we show in the following results obtained for different parameters than those chosen in Figs. 2 and 3 . Furthermore, we plot the amplitudes of all superconducting order parameters for the Andreev-current setup.
I. JOSEPHSON SPECTROSCOPY
In the calculation for the Josephson current shown in Fig. 2 , we assumed that only two out of the six possible dot-dot tunnel couplings are nonzero (shown as arrows in Fig. 1(b) ). Now, we compare this with the case that all six dot-dot couplings are present, see Fig. S1 . We take the same tunneling amplitude t for all four dot-dot nearest neighbors, and a smaller amplitude t = t/2 for the remaining two cross-tunneling terms. The result is almost identical to 
II. ANDREEV SPECTROSCOPY
We now turn to Andreev spectroscopy for the device shown in Fig. 1(c) .
A. Weak tunnel coupling to the superconducting lead
In the calculation for Fig. 3 , we assumed a rather large coupling Γ S between double quantum dot and superconducting lead. As a consequence, we got a strong proxmity effect with pronounced anticrossings in the Andreev addition energies. Superconducting triplet correlations are, however, also visible in the limit of weak coupling, Γ S , as shown in Fig. S2 , where we took the same parameters as in Fig. 3 but reduced Γ S by a factor of 10. In this regime, a perturbative treatment of Γ S to lowest order would be sufficient. The Andreev addition spectrum is, then, independent of α, Fig. S2(b) , and the anticrossings are no longer resolved, Fig. S2(a) . Nevertheless, superconducting triplet correlations are clearly indicated by the nonmonontic behavior of the differential conductance as function of α, taken at δ = 0.4U in Fig. S2(b) . For this choice of δ, we meet the resonance condition δ = B derived in Eqs. (2a)-(2c) for the limit ∆B Γ S , which is satisfied here. Interestingly, we find in Fig. S2(a) not only resonances at δ = B but also at δ = − B . The latter can be similarly derived as the former by diagonalizing the Hamiltonian in the singlet-triplet subspace but then selecting the state with the highest energy δ + B , coupling it to the empty state, and, finally picking the lower-energy state of this effective two-state system. This state is obviously not the ground state but can, nevertheless, be accessed at finite bias voltage. 
B. Varying a global magnetic field in the presence of a fixed inhomogeneous one
In the main text, we discussed the magnetic-field dependence by keeping the magnitudes of the local fields equal and fixed, |B L | = |B R |, and varying the angle α between their directions. Experimentally, it may be easier to generate non-collinear magnetic fields by varying a global (homogeneous) external magnetic field that is superimposed with a fixed inhomogeneous one. To be specific, we choose B L = B i + B g and B R = −B i + B g with an angle γ between B g and B i . The variation of B g will lead to a crossover from a nearly antiparallel (for B g B i ) to a noncollinear (for B g ∼ B i ) and, then, to a nearly parallel (for B g B i ) configuration. In such a scenario, the local fields will, in general, differ in magnitude, |B L | = |B R |, such that now all three triplet states can couple to the empty state. The only exception is the range of small angles γ that satisfy B g sin γ t. In this case, the interdot tunnel coupling t dominates over the left-right asymmetry introduced into the spectrum by B g , which yields |B L | ≈ |B R | (and one triplet state decouples from the other doubly-occupied states).
In Fig. S3 we show the dependence of (a) the current and (b) the conductance on B g for γ = 0. We find that in the regimes of nearly parallel (B g B i ) and nearly antiparallel (B g B i ) magnetic configuration, the current is suppressed as compared to the noncollinear case (B g ∼ B i ), which is a clear signature of triplet correlations, in agreement with what we find in Fig. 3 .
C. Symmetrically applied bias voltage
The differential conductance shown in Fig. 3 were for the three-terminal device shown in Fig. 1(c) with antisymmetrically applied bias voltage, µ L = −µ R = µ N = eV relative to the superconductor µ S = 0. We now consider the case of a symmetrically applied bias voltage, µ L = µ R = µ N = eV , i.e., there is only a bias between normal leads and superconductor but not between the two normal leads which are short-cut, making the system effectively a two-terminal device.
The case of an antisymmetrically applied bias voltage has the advantage that in the absence of a noncollinear magnetic field transport is suppressed, which is interpreted as a signature of triplet correlations. For a symmetrically applied bias voltage, the situation is different. In this case, transport occurs already in the absence of any magnetic field [42] . There is, however, a special feature that still allows for the identification of triplet correlations. As discussed in Ref. [42] , transport becomes blocked for bias voltages such that the electrons entering the double dot from the normal leads cannot get back but have to go into the superconductor. Since two electrons entering the double dot from the normal leads are with finite probability in a triplet state, they cannot enter the superconductor (triplet blockade) unless superconducting triplet correlations are induced. The triplet blockade leads to an absence of Andreev current for large and positive µ N in the regimes of almost collinear magnetic fields, B g B i and B g B i . In the regime B g ∼ B i , however, superconducting triplet correlations are induced and the triplet blockade is lifted. The triplet blockade for B g B i is clearly visible in Fig. S3 (c) and (d). For B g ∼ B i , the triplet blockade is lifted (we choose the angle γ large enough such that B g sin γ t guarantees that all triplet states can couple to the empty state in the regime B g ∼ B i ). For the chosen parameters, a pronounced triplet blockade around B g = 0 occurs only for a small range that is not resolved in Fig. S3(c) and (d) . For negative µ N , the electrons are transfered from the superconductor to the normal leads, and triplet blockade does not appear for any value of B g .
III. SUPERCONDUCTING ORDER PARAMETERS
Andreev spectrocopy as shown in Fig. 3 gives an indirect access to the superconducting order parameters. From the α-dependence of the conductance, we could deduce the presence of superconducting triplet correlations without having detailed information about the relative importance of the various superconducting order parameter as a function gate and bias voltage. In the following, we provide this information by plotting the absolute values of the complex scalars ∆ 
A. No detuning between dot levels
In Fig. S4 (a)-(d) , we show the order parameters for the same system as in Fig. 3(a) , i.e., for L = R (no detuning between dot levels). We find that the gate and voltage dependence of the four order parameters strongly differ from each other. In particular, there are regions in which some of them vanish while others remain finite. This is, e.g., the case in the Coulomb-blockade for small |δ| and |µ N |, where only the odd-frequency triplet order parameter is finite while all others vanish. Similarly, for large bias voltage |µ N |, both the odd-frequencey singlet and the odd-frequency triplet order parameters survive while the even-frequency counterparts are suppressed. With the help of Eqs. (5a) and (5b), we can conclude that unconventional superconductivity is, in this case, generated by the terms involving a finite spin and a left-right asymmetry of the occupations in the DQD. For large |δ| and small |µ N |, on the other hand, the odd-frequency singlet order parameter vanishes since in equilibrium the left-right symmetry is restored. S4 . Absolute values of the superconducting order parameters as a function of δ and µN for zero detuning ∆ between the quantum-dot levels. The parameters are the same as in Fig. 3(a) .
B. Finite detuning between dot levels
A finite detuning ∆ = L − R which is smaller than the interdot tunneling amplitude t does not change the results qualitatively. The situation becomes different for ∆ t. In this case, an antisymmetrically applied bias voltage tends to favor a singly occupied state, which is incompatible with even-frequency order parameters, as clearly displayed in Fig. S5 . (For a symmetrically applied bias voltage, as considered in Ref. [42] , the relative magnitude of ∆ and t is not important.) Odd-frequency order parameters, on the other hand, can still be finite due to the terms in the second line of Eqs. (5a) and (5b). The suppression of the even-frequency order parameters is lifted by increasing the interdot tunneling such that t ∆ . (We remark that breaking the left-right symmetry by |B L | = |B R | while keeping L = R leads to a similar suppression of even-frequency pairing. This was the motivation to choose a small angle γ in Fig. S3(a) and (b). For Fig. S3(c) and (d 
